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→ f(U) + n(U) 	 


    	 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 	
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 r  r∗1 	  
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Z ⊆ E   ϕ(χZ) = u 	 f/z = ϕ(M/Z) 
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   l       b ≥ 0 2          l = 0  b̂ 
           b̂  
 2 l > 0  	
   
           
S = V ∪ {uv : u, v ∈ V, u = v} L = {S[X] : X ⊆ V }  
b(U) =
{
α(X) − |E[X]| − l,  U = S[X]   ∅ = X ⊆ V ,
0,  U = ∅,
45
  S[X] = X ∪ {uv : u, v ∈ X, u = v}  X ⊆ V  	
 b̂   
 l ≥ 0  b̂     		   (1, l)
 
     	 b̂  	      	   b̂  
  		    	 	  	 	 
     	  		  		 		
! (S, L, b,∨,)   	 A ⊆ S
 	   	       x
 P(̂b|2A) 	 c ≤ x ≤ d 	 x ≡ χT    c, d : A → Z+ 	 T ⊆ A
"
     c ≡ χT #  c(a)  	  1  c(a) ≡ χT (a)$
  	     	 (S, L, b,∨,) % 
a ∈ A   	  	   a′
 	  U ′ = (U − A) ∪ {a, a′ : a ∈ U ∩ A}
 U ⊆ S L′ = {{a′} : a ∈ A} ∪ {U ′ : U ∈ L}
 b′({a′}) = d(a)  a ∈ A
	 b′(U ′) = b(U)  U ∈ L & U ′1 ∨′ U ′2 = (U1 ∨ U2)′ 	 ′(U ′1, U ′2, U ′3) =
((U1, U2, U3)′)′  Ui ∈ L
   ∨′ 	 ′    		   	 
	   	   		  A′ ! c′ /∈ P(b̂′)|2A′    c′ : A′ → Z+
  c′(a′) = c(a)
 	   x  	   '  P(b̂′/c′)  

	 y     	  (b̂′/c′)|2A′  	 	  x   x(a) = y(a′)+c(a)
 	 	    	 (	
"	            )*
 )*
 	
)*+          	 	 ,  	  
  	 	 )*+
    	


  	      	  z  (S, Lz, bz,∨z,z)
   (	     & U1, U2, U3 ∈ Lz  
b̂z(Ui ∩ Uj) > 0
 1 ≤ i < j ≤ 3 	






b(X) − z(Ui ∩ Uj − spbb(z))
 	 1 ≤ i < j ≤ 3 ! U1 ∩ U2 ∩ U3 = ∅
 	
F(U1∩U2∩U3)∪spbb(z) = {U1 ∩ U2 ∩ U3} ∪ (Fspbb(z) − Fspbb(z)[U1 ∩ U2 ∩ U3]),
	
F(U1∩U2∩U3)∪spbb(z) = Fspbb(z),













  b  U1, U2, U3  ∑
1≤i<j≤3




b(X) − z((U1, U2, U3) − spbb(z)) ≤
3∑
i=1
bz(Ui) + bz(U1 ∩ U2 ∩ U3).
   
     U ′ ∈ Lz  U ′ ⊇ (U1, U2, U3) 
bz(U




(z)[(U1,U2,U3)] b(X) − z((U1, U2, U3) − spbb(z))
  z(U1, U2, U3) = U ′
    	


      (E, L′, b′,∨′,′)  b̂′ = rM
bb

  L′ = {∅} ∪ {{e} : e ∈ E} ∪ {⋃s∈U Es : U ∈ L} 
b′(F ) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
b(U),  F =
⋃
s∈U Es, U ∈ L, |F | = 1
min(1, b(U)),  F =
⋃
s∈U Es, U ∈ L, |F | = 1
1,   |F | = 1,
0,  F = ∅.
!          ∨′  ′  	
  	

    	


 !        c   ""  b̂  rbb(c) > 0
 supp(c) ⊆ sp(c)  |Fsp(c) −F∅| = 1   x #  $%&'&  b̂  "
 U1, U2, . . . , Ud   "" xi    	 ( T ⊆ [d] 
C(T ) =
⋂
t∈T sp(xt)  T = ∅  C(∅) = sp(x) % |FC(T ) − F∅| ≤ 1 
C(T ) ⊆ ⋃FC(T )




FC(T−i)∪C(T−j) = C(T − {i, j}),
 i, j ∈ T  i = j 
	

 b̂(C(T )) =
∑
t∈[d]−T
x(Ut) + |T | − 2.
*
     	 
  		  |T |  |T | ≤ 1   	 
 




 Ui     
	 FC(i)−F∅   xi∧xj ∈ P(̂b)   (xi∧xj)(S) ≤
b̂(C({i, j})) ≤ b(Ui∩Uj) ≤ b(Ui)+b(Uj)−b(Ui∨Uj) ≤ xi(S)−1+xj(S)−1+x(S)−2 

    |T | ≥ 3  T = [|T |] 	
  
	      

        
 ! C(T − i) ∪ C(T − j) ⊆ C(T − {i, j}).
"#   
 
 C(T − i) ∪ C(T − j)  C(i)  ⋃
FC(T−i)∪C(T−j)∪C(i) = C(∅),

(C(T − i) ∪ C(T − j)) ∩ C(i) ⊇ C(T − j),
 $
 % b̂(C(T − i) ∪ C(T − j)) + b̂(C(i)) ≥
b̂(C(T − j)) + b̂(C(∅)) = b̂(C(T − {i, j})) + b̂(C(i)),
     
  $  
 
    
C(T − {i, j})   &  !   % 
$ $ ⋃FC(T−i)∪C(T−j) = C(T −







x(Ut) + |T | − 2

  ' ( %   
       ) 
 {U1} =
FC(T−{2,3}) − F∅ {U2} = FC(T−{1,3}) − F∅  {U3} = FC(T−{1,2}) − F∅  *










 {U1 ∩ U2} = FC(T−{3}) − F∅   b(U1 ∩ U2) = b̂(U1 ∩ U2)  
b(U1∩U3) = b̂(U1∩U3)  b(U2∩U3) = b̂(U2∩U3)  
⋃
F(U1,U2,U3) ⊇ C(T − [3])
  b((U1, U2, U3)) ≥ b̂(C(T − [3]))  $  
    

























   
 
	  	     	! "

 G = (V, E) #
  $

  	  





  V  
 
#
  A 
 
   	 ! %
	  G    #





























 # μ(G, A)!
%  $	 		   










	 $ p̂  p̂(F ) = minU1,U2,...,Ut⊆V, F⊆
St
i=1 E[Ui]
p(Ui)  F ⊆ E


 p : 2V → Z+
p(X) =⎧⎪⎨⎪⎩
2|X| − 2,  ∅ = X ⊆ V −⋃A




  T1, T2, . . . , Tk
|X| + |X −⋃A|,  X ⊆ V 

  
   T1, T2, . . . , Tk!
" -
  	 
 $ $










 	$   μ(G, A) = ν(p̂)− |V |+





 /'010  
 2	
p̂   
  	  
  


























	   μ(G, A)
 
 	 	 p̂      
   
 
  !"
  	 




   
"









 	    
 
 
	  &!'  
 

  	 	   
  	















  ) 




  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, 	 0 ≤ h ≤ k     
  v    vh   S0 = {v0 :
v ∈ V } ∪ {uv : u, v ∈ V, u = v} Si = S0 ∪ {vi : v ∈ V }  i ∈ [k]  




+ (k + 1)|V | , X ⊆ V
 h ∈ {0, 1, 2, . . . , k,∞}   	 
 Sh[X] = {e ⊆ X : e ∈ Sh}  
L = {S0[X], Si[X], S∞[X] : X ⊆ V, i ∈ [k]}   b : L → Z+   . 
b(F ) =
⎧⎪⎨⎪⎩
2|X| − 2, 
 F = S0[X]   ∅ = X ⊆ V 
2|X| − 1, 
 F = Si[X]   ∅ = X ⊆ V  i ∈ [k]
2|X|, 
 F = S∞[X]   X ⊆ V 

 
 	 	 b̂ 
  
 
  #  Z =⋃
i∈[k]{vi : v ∈ Ti}  	 (̂b/Z)|2E = p̂ - 	 

 * 
   

# $ 	  	 	
%
  ν((̂b/Z)|2E)
   /#  012    	
  	 A










 R,X1, . . . , Xk   	 
  V  Ti ⊆ R∪Xi   i ∈ [k]
	 C 	       		  G−R −⋃ki=1 E[Xi]
   
 	 "

 max ≥ min  3 ! 040  	











   	 
    W ⊆ S   Z ⊆ W    





h∈{0,1,...,k,∞} Fh,F     
  Fh,F    Sh[X]

   
  Xh,F = {∅ = X ⊆ V : Sh[X] ∈ Fh,F}   

  X =
⋃
h∈{0,1,2,...,k,∞} Xh,F 





|X∞,F | ≤ 1  	
 
 W 








       Fj
 
 Fh,l h ∈ {0, 1, 2, . . . , k,∞} l ∈ [ti]  













  	    F ∈ FW 	 
 
 Si[{v}] v ∈ Ti i ∈ [k] 	 	
Fh′,l′ = Fh′′,l′′ 	 F  Fh′,l′  F  Fh′′,l′′

   
  Fh′,l′   F ⊆ Fh′,l′     	  FW  
F   Si[{v}]  v ∈ Ti, vi ∈ F   S0[{v}]  v /∈
⋃
Ti, v0 ∈ F   

 t  
 Ft+1 = F    
   
	 
    

 FW   F   Si[{v}]  v ∈ Ti, vi ∈ F   S0[{v}] 
v /∈ ⋃Ti, v0 ∈ F    

 
  	     W 
  




  (V, X = {Xh,l : h ∈ {0, 1, 2, . . . , k,∞}, l ∈ [th]}) 
 
   X0 ∈ X0  
⋃
A = ∅  
 X ∈ X−X0  
X ∩ X0 = ∅ !	    	  X0  X   X  X ∪ X0
"
 
   
∑k
h=0 th + t∞
  




 Fh′,l′ ∩ Fh′′,l′′ ∈ F0,W  	 h′, h′′ ∈ [k]  h′ = h′′
 
 Fh′,l′ ∩ Fh′′,l′′ ∈ Fi,W  i ∈ [k] 	 h′ = h′′ = i  {h′, h′′} = {i,∞}
 
 Fh′,l′ ∩ Fh′′,l′′ ∈ F∞,W  	 h′ = h′′ = ∞
 
      #  

  G 
   X∞,W = ∅





   |X| = 1    X ∈ Xh,W  0 ≤ h ≤ k 	 
  
     bW (Fi,l) ≤ 1    i ∈ [k] l ∈ [ti]
     	 
 	 
 	   W  W ′ 
	
 
R′ = R ∪
⋃
{Xi,l ∩ Xi′,l′ : i, i ∈ [k], i = i′},
Xi,W ′ =












	  i ∈ [k] 	
 l ∈ [ti]  
bW (Fi,l) = 2|Xi,l| − 1 −
∑
X∈X0,W [Xi,l]















Xi,W [Xi,l]| + |X0,W [Xi,l]| +








Xi,W [Xi,l]| + |X0,W [Xi,l]|.
   	   Xi,W [Xi,l] = ∅    	
 !	




l=1 X0,W [Xi,l]  		
     
#	




l=1 |X0,W [Xi,l]| ≥ 2
∣∣∣⋃ki=1⋃til=1 X0,W [Xi,l]∣∣∣  l ∈
[t∞]  
















(1 − |X|) +
⎢⎢⎢⎢⎢⎣













































































 E ⊆ ⋃t∞l=1 FF∞,l∪W ′       	       uv ∈ E   
	     	       FFi,l 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 j ∈ [t′′′]   Uj 
 	 t′′′ + 1 ≤ j ≤ t′ 
 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  	 	  		  V ∪ V ∗  X ⊆ V  	 Γ∗(X) =
{v∗ ∈ V ∗ : v∗u∗ = e∗   e ∈ e(X)}  	 	   	 	 X 	
L = {S[X ∪ X∗] : X ⊆ V, X∗ ⊆ V ∗, Γ∗(X) ⊆ X∗} 	 b : L → Z+ 	
b(S[X ∪ X∗]) =
{
|X ∪ X∗| − 2,  |X ∪ X∗| ≥ 2
0, 	 
 v ∈ V  	 Sv = S[{v} ∪ Γ∗({v})] = {xyv ∈ S : e ∈ δG(v), e∗ = xy} 
b(Sv) = |{v} ∪ Γ∗(v)| − 2 = |Γ∗(v)| − 1 = rM∗(e(v))   v ∈ V 





b(S[Xi ∪ Γ∗(Xi)]) = ĥ(X).
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	 	 X ⊆ V  X∗ ⊆ V ∗ 	 |X ∪ X∗| ≥ 2 
Γ∗(X) ⊆ X∗   b(S[X ∪ X∗]) = |X ∪ X∗| − 2 = |X∗| − 1 + |X| − 1 ≥
r∗M(e(X)) + |X| − 1 = h(X) ≥ ĥ(X)
 	 	 	 	 ∅ = X ⊆ V    h(X) = rM∗(e(X)) + |X| − 1 =∑t
i=1(|X∗i | − 1) + |X| − 1   
		 X∗1 , X∗2 , . . . , X∗t  V ∗ 	 {e∗ : e ∈
e(X)} ⊆ ⋃ti=1 E∗[X∗i ]   v ∈ X 	 	  

 i 	 {e∗ : e ∈ e(v)} ⊆
E∗[X∗i ] 	 Xi = {v ∈ X : {e∗ : e ∈ e(v)} ⊆ E∗[X∗i ]}  
∑t
i=1(|X∗i | − 1) +
|X| − 1 ≥∑ti=1(|X∗i | − 1 + |Xi| − 1) = ∑ti=1 b(S[X∗i ∪ Xi])
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